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HOMOLOGY CLASS OF A LAGRANGIAN KLEIN BOTTLE
STEFAN NEMIROVSKI
Theorem 0.2 in the author’s paper [14] asserts that a Lagrangian Klein bottle in a projective complex
surface must have non-zero mod 2 homology class. A gap in the topological part of the proof of this result
was pointed out by Leonid Polterovich. (It is erroneously claimed in §3.6 that a diffeomorphism of an
oriented real surface acts in some natural way on the spinor bundle of the surface.)
Recently, Vsevolod Shevchishin corrected both the statement and the proof of that theorem. On the
one hand, he showed that the result is false as it stands by producing an example of a nullhomologous
Lagrangian Klein bottle in a bi-elliptic surface. On the other hand, he proved that the conclusion holds
true under an additional assumption which, in retrospect, appears to be rather natural.
Theorem A (Shevchishin [18]). Let K ⊂ X be an embedded Lagrangian Klein bottle in a compact sym-
plectic four-manifold (X,ω). Assume that c1(X,ω) · [ω] > 0. Then the homology class [K] ∈ H2(X ;Z/2) is
non-zero.
It was shown by Liu and Ohta–Ono that a symplectic four-manifold satisfies c1(X,ω) · [ω] > 0 if and
only if it is symplectomorphic either to CP2 with its standard symplectic structure or to (a blow-up of) a
ruled complex surface equipped with a suitable Ka¨hler form (see [10], Theorem B, [16], Theorem 1.2, and
also [12], Corollary 1.4).
Theorem A implies that the Klein bottle does not admit a Lagrangian embedding into the standard
symplectic R4. Indeed, if such an embedding existed, one could produce a nullhomologous Lagrangian
Klein bottle in a Darboux chart on any (X,ω). (See also Remark 2.4 below.) The other results proved
in [14] using Theorem 0.2 follow as well from Theorem A.
Shevchishin’s proof of Theorem A uses the Lefschetz pencil approach proposed in [14], the combinatorial
structure of mapping class groups, and the above description of symplectic manifolds with c1(X,ω)·[ω] > 0.
The purpose of the present paper is to give an alternative proof in which the first two ingredients are replaced
by somewhat more traditional four-manifold topology. It should be noted that though closer in spirit to
the work of Polterovich [17] and Eliashberg–Polterovich [4], this argument has been found by interpreting
the results obtained in [18] in other geometric terms.
The contents of the paper should be clear from its section titles. For a more comprehensive discussion
of Givental’s Lagrangian embedding problem for the Klein bottle [6], see the introductions to [14] and [18].
The author is grateful to Viatcheslav Kharlamov for several helpful remarks.
1. Self-linking indices for totally real surfaces
1.1. Characteristic circles. Let S be a closed real surface. The characteristic homology class u ∈
H1(S;Z/2) is uniquely defined by the condition
u · x = x · x = (w1(S), x) for all x ∈ H1(S;Z/2),
where w1(S) is the first Stiefel–Whitney class of S. Note that u = 0 if and only if S is orientable.
Lemma 1.1. Let ξ ∈ H1(S;Z) be an integral cohomology class. Then (ξ mod 2, u) = 0.
Proof. Any integral cohomology class on a surface can be represented by the intersection index with a
two-sided curve. The intersection of u with such a curve is zero by the definition of u. 
Definition 1.2. A characteristic circle is a simple closed curve ℓ ⊂ S in the characteristic homology class.
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Example 1.3. Represent the Klein bottle K as the non-trivial circle bundle over the circle. A fiber m ⊂ K
of this bundle is a meridian of K. It is easy to check that m is a characteristic circle on K.
Lemma 1.4. If S ⊂ X is an embedded surface in a smooth manifold such that [S] = 0 ∈ H2(X ;Z/2), then
[ℓ] = 0 ∈ H1(X ;Z/2) for any characteristic circle ℓ ⊂ S.
Proof. If S is orientable, there is nothing to prove. Otherwise, let ξ ∈ H1(X ;Z/2) be any mod 2 coho-
mology class. The obstruction to lifting it to an integral cohomology class lives in H2(X ;Z). Consider the
commutative diagram
H2(X ;Z) −−−−→ H2(X ;Z/2)


y


y0
H2(S;Z)
∼=−−−−→ H2(S;Z/2)
where the vertical arrows are restrictions to S and horizontal arrows reductions modulo 2. It follows
that the map H2(X ;Z) → H2(S;Z)(∼= Z/2) is trivial. Hence, the restriction of ξ to S lifts to an integral
cohomology class on S and has zero pairing with u = [ℓ] by the previous lemma. Thus, [ℓ] = 0 ∈ H1(X ;Z/2)
by Poincare´ duality over Z/2. 
1.2. Viro index (cf. [19], §4). An embedded surface S ⊂ X in an almost complex four-manifold (X, J) is
called totally real if J(TpS) is transverse to TpS at every point p ∈ S.
Definition 1.5. Let ℓ ⊂ S be a two-sided simple closed curve on a totally real surface S ⊂ X . Its C-normal
pushoff ℓ♯ is the isotopy class of curves in X \ S containing the pushoff of ℓ in the direction of the vector
field Jνℓ,S, where νℓ,S is a non-vanishing normal vector field to ℓ in S.
The C-normal pushoff is well-defined because any two non-vanishing normal vector fields on ℓ ⊂ S are
homotopic through non-vanishing sections of TS|ℓ.
Definition 1.6. Let S ⊂ X be a totally real surface with [S] = 0 ∈ H2(X ;Z/2) in an almost complex
four-manifold (X, J), and let ℓ ⊂ S be a two-sided simple closed curve such that [ℓ] = 0 ∈ H1(X ;Z/2).
The Viro index of ℓ is the modulo 2 linking number
V (ℓ) = lk(ℓ♯, S),
where ℓ♯ is the C-normal pushoff of ℓ.
Remark. It is known that V (ℓ) depends only on the homology class of ℓ, and the map [ℓ] 7→ 1 + V (ℓ) is
a quadratic function called the Viro form of S ⊂ X .
Lemma 1.7. Let S ⊂ X be a totally real surface such that (w2(X), [S]) = 0. Then every characteristic
circle ℓ ⊂ S is two-sided.
Proof. Note that TX |S ∼= TS ⊕ TS and therefore w2(TX |S) = w1(S) ∪ w1(S) by the Whitney formula.
Hence, (w1(S), [ℓ]) = w1(S)
2 = (w2(TX), [S]) = 0, which proves the lemma. 
Lemmas 1.4 and 1.7 show that the Viro index is defined for any characteristic circle on a nullhomologous
totally real surface. If the ambient manifold is compact, then we have the following formula which is closely
related to the results of Netsvetaev [15], Fiedler [5], and Polterovich [17].
Theorem 1.8. Let ℓ be a characteristic circle on a totally real surface S with [S] = 0 ∈ H2(X ;Z/2) in a
compact almost complex four-manifold X. Then
V (ℓ) = 1 +
χ(S)
4
mod 2,
where χ(S) is the Euler characteristic of S.
Example 1.9 (Klein bottle case). If ℓ = m is a meridian of a totally real homologically trivial Klein
bottle K ⊂ X , then the theorem shows that V (m) = 1 mod 2. In other words, the C-normal pushoff of the
meridian is non-trivially linked with K, which is the result that will be used in the proof of Theorem A.
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1.3. Proof of Theorem 1.8. Let us first construct a non-vanishing section of the restriction of the
complex determinant bundle Λ2
C
TX to the surface S which has standard form on ℓ.
Lemma 1.10. Let τℓ be a non-vanishing vector field tangent to the curve ℓ. Then the complex wedge
product σℓ := τℓ ∧C νℓ,S extends to a non-vanishing section of Λ2CTX |S.
Proof. The real wedge product τℓ ∧ νℓ,S is a non-vanishing section of the real determinant bundle Λ2RTS
restricted to ℓ. Note first that it can be extended to a global non-vanishing section of the complexification
Λ2
R
TS ⊗ C. Indeed, the obstruction is given by the relative characteristic number w21(S, ℓ) ∈ Z/2 which is
zero because the complement to the characteristic circle ℓ is orientable.
It remains to note that, for the totally real surface S ⊂ X , the map
Λ2RTS ⊗ C −→ Λ2CTX |S
defined by replacing the real wedge product on TS by the complex one on TX is an isomorphism. 
Example 1.11. Consider the Klein bottleK represented as the quotient of the two-torus by the equivalence
relation (ϕ, ψ) ∼ (ϕ + π,−ψ) (see Subsec. 2.1 below). Then eiϕ ∂∂ψ ∧ ∂∂ϕ is a well-defined non-vanishing
section of Λ2
R
TK ⊗ C extending the section τm ∧ νm,K = ∂∂ψ ∧ ∂∂ϕ from the meridian m = {ϕ = 0} ⊂ K.
Let σ ∈ Γ(X,Λ2
C
TX) be a generic global extension of the section constructed in the lemma. Then the
zero set
Σ = {x ∈ X | σ(x) = 0}
is an oriented two-dimensional submanifold of X disjoint from S. Note that Σ is mod 2 Poincare´ dual to
the cohomology class c1(Λ
2
C
TX) mod 2 = w2(X). Thus, both Σ and Σ⊔ S are characteristic submanifolds
of X , i. e., their mod 2 homology classes are Poincare´ dual to the second Stiefel–Whitney class of X .
Let further M ⊂ X be an embedded surface with boundary ∂M = ℓ that is normal to S along ℓ and
whose interior intersects S and Σ transversally. Such surfaces exist (because [ℓ] = 0 ∈ H1(X ;Z/2) by
Lemma 1.4) and are called membranes for ℓ ⊂ S ⊔Σ.
The Rokhlin index of M (with respect to Σ ⊔ S) is defined by the formula
R(M) = n(M, νℓ,S) + #(M ∩ S) + #(M ∩ Σ),
where n(M, νℓ,S) ∈ Z is the obstruction to extending νℓ,S to a non-vanishing normal vector field onM , and
#(M ∩ S) and #(M ∩Σ) are the numbers of interior intersection points of M with S and Σ, respectively.
Lemma 1.12. R(M) =
S · S
4
mod 2, where S · S ∈ Z is the normal Euler number of S ⊂ X.
Proof. To any characteristic two-dimensional submanifold F ⊂ X there is associated a quadratic function
qF : Ker ι∗ −→ Z/4
on the kernel of the inclusion homomorphism ι∗ : H1(F ;Z/2) → H1(X ;Z/2) called the Rokhlin–Guillou–
Marin form of F (see [7], [1], and [2], §2.6). The value of this function on the characteristic homology class
u ∈ H1(F ;Z/2) (assuming that u ∈ Ker ι∗) satisfies the congruence
qF (u) =
sign(X)− F · F
2
mod 4, (1.1)
where sign(X) is the signature of the four-manifold X . This formula is due to Rokhlin (at least in the case
when ι∗ = 0, see [8], n
◦ 4). It may be obtained from the generalised Rokhlin–Guillou–Marin congruence (see
[2], Theorem 2.6.1, or [1], The´ore`me 3) by reducing it modulo 8 and plugging in an elementary algebraic
property of the Brown invariant (see [2], 3.4.4(2)).
Applying (1.1) to the characteristic submanifolds Σ ⊔ S and Σ, respectively, and using the orientability
of Σ, we obtain that
qΣ⊔S([ℓ]) =
sign(X)− Σ · Σ− S · S
2
mod 4
and
0 =
sign(X)− Σ · Σ
2
mod 4.
(The second congruence follows also from van der Blij’s lemma, see [13], §II.5.) Thus,
qΣ⊔S([ℓ]) = −S · S
2
mod 4,
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whence
R(M) =
S · S
4
mod 2
because qΣ⊔S([ℓ]) = 2R(M) mod 4 by the definition of the Rokhlin–Guillou–Marin form. 
Let us now choose the membraneM more carefully. Namely, assume henceforth that it has the following
additional properties:
1) The tangent (half-)space toM at each point p ∈ ℓ is spanned by τℓ(p) and Jνℓ,S(p). Note that these
two vectors in TpX are linearly independent over C so that M is totally real near its boundary.
2) The complex points of M (i. e., the points p ∈M such that J(TpM) = TpM) are generic.
The first property is achieved by spinning M around ℓ, and the second one by a small perturbation of the
result. The Rokhlin index of this special membrane M can be calculated from a modulo 2 version of Lai’s
formulas for the number of complex points of M (see [9] and [3], §4.3).
Lemma 1.13. R(M) = 1 + V (ℓ) mod 2.
Proof. Note first that the pushoff of ℓ inside M is the C-normal pushoff of ℓ by property (1) of M . Hence,
V (ℓ) = #(M ∩ S) mod 2 by the definition of the Viro index. Thus, we need to show that
n(M, νℓ,S) + #(M ∩Σ) = 1 mod 2.
The obstruction n(M, νℓ,S) can be computed as follows. Let τ be a generic tangent vector field on M
such that τ = −Jνℓ,S on ℓ = ∂M . (Note that τ is transverse to ∂M .) Then Jτ fails to give a non-vanishing
normal extension of νℓ,S at the points p ∈M such that Jτ(p) ∈ TpM . These points are, firstly, the zeroes
of τ and, secondly, the complex points of M . Neglecting the signs involved, we get the modulo 2 formula
n(M, νℓ,S) = χ(M) + c(M) mod 2, (1.2)
where χ(M) is the Euler characteristic of M and c(M) is the number of complex points on M .
Similarly, let us consider the modulo 2 obstruction to extending the section σℓ (from Lemma 1.10) to a
non-vanishing section of Λ2
C
TX |M . On the one hand, it is equal to #(M ∩Σ) mod 2 because M ∩Σ is the
transverse zero set of such an extension σ|M . On the other hand, observe that
σℓ = τℓ ∧C νℓ,S = −
√−1 τℓ ∧C Jνℓ,S = −
√−1 τℓ ∧C νℓ,M .
As we have already seen in the proof of Lemma 1.10, the obstruction to extending τℓ ∧C νℓ,M from ∂M to
a non-vanishing section of Λ2
C
TX |M is the sum of two obstructions. Firstly, Λ2RTM ⊗C can be non-trivial.
Secondly, the map Λ2
R
TM ⊗ C → Λ2
C
TX |M degenerates at the complex points of M . Altogether, we see
that
#(M ∩Σ) = w21(M,∂M) + c(M) mod 2. (1.3)
Combining formulas (1.2) and (1.3) gives the congruence
n(M, νℓ,S) + #(M ∩ Σ) = χ(M) + w21(M,∂M) mod 2.
The right hand side is equal to 1 mod 2 for any surface M with a single boundary component, and the
lemma follows. 
It is now easy to complete the proof of the theorem. Lemmas 1.13 and 1.12 show that
V (ℓ) = 1 +
S · S
4
mod 2,
and it remains to observe that S · S = −χ(S) for any totally real embedded surface S. 
2. Application of Luttinger’s surgery
2.1. Explicit model (cf. [11] and [4], §2). Let us first consider the (trivial) cotangent bundle T ∗T of the
two-torus with the coordinates
(ϕ, ψ, r, θ) ∈ R/2πZ× R/2πZ× R+ × R/2πZ,
where (ϕ, ψ) are the standard coordinates on the torus and (r, θ) are the polar coordinates on the fibre.
The Luttinger twist fn,k is the diffeomorphism of the hypersurface {r = 1} ⊂ T ∗T given by
(ϕ, ψ, θ) 7→ (ϕ+ nθ, ψ + kθ, θ),
HOMOLOGY CLASS OF A LAGRANGIAN KLEIN BOTTLE 5
for a pair of integers (n, k) ∈ Z2. The crucial property of this map is that it preserves the restriction of
the canonical symplectic form to the hypersurface {r = 1}.
The Klein bottle K is the quotient of the torus by the equivalence relation
(ϕ, ψ) ∼ (ϕ+ π,−ψ).
Hence, the cotangent bundle of K is the quotient of the cotangent bundle of the torus by the relation
(ϕ, ψ, r, θ) ∼ (ϕ+ π,−ψ, r,−θ).
It follows that the Luttinger twists f0,k with n = 0 descend to the hypersurface {r = 1} ⊂ T ∗K.
On T ∗K we consider the Ka¨hler structure (g0, ω0, J0) defined by the flat metric and the canonical
symplectic form. This structure lifts to the similarly defined structure on T ∗T and is given by the same
formulas in the coordinates (ϕ, ψ, r, θ).
Lemma 2.1. The C-normal pushoff of the meridian m = {ϕ = 0} ⊂ K in (T ∗K, J0) is given by the curve
{ϕ = 0, r = 1, θ = 0}.
2.2. Reconstructive surgery. Let K ⊂ X be a totally real Klein bottle embedded in an almost complex
four-manifold (X, J). Then there exists a closed tubular neighbourhood N ⊃ K orientation preserving
diffeomorphic to the unit disc bundle DT ∗K = {r ≤ 1} ⊂ T ∗K. Furthermore, the diffeomorphism can be
chosen so that the almost complex structure J on TX |K corresponds to the standard complex structure J0.
Theorem 2.2. Let K ⊂ X be a nullhomologous totally real Klein bottle in a compact almost complex
four-manifold. Then the Luttinger surgery
X ′ = N ∪f0,1 (X \N)
makes the Klein bottle K homologically non-trivial.
Proof. By Lemma 1.4, the meridian m ⊂ K is nullhomologous in X (modulo 2). The Mayer–Vietoris
sequence for X = N ∪ (X \N) shows that there exists a homology class ζ ∈ H1(∂N ;Z/2) such that
1) ı∗ζ = [m] ∈ H1(N ;Z/2),
2) ∗ζ = 0 ∈ H1(X \N ;Z/2),
where ı : ∂N → N and  : ∂N → X \N are inclusion maps. It follows from the second property that
lk(ζ,K) = 0.
Therefore, Theorem 1.8 shows that ζ differs from the homology class of the C-normal pushoff m♯ (see
Example 1.9).
The pre-image ı−1
∗
([m]) ∈ H1(∂N ;Z/2) consists of exactly two homology classes, represented by the
curves m′ = {ϕ = 0, r = 1, θ = 0} and m′′ = {ϕ = 0, r = 1, θ = ψ}. The first curve gives the C-normal
pushoff of the meridian by Lemma 2.1. Thus, ζ = [m′′] and therefore m′′ bounds in X \N .
Now consider the fibre {ϕ = 0, ψ = 0, r = 1} of the projection ∂N → K. The Luttinger twist
f0,1(ϕ, ψ, 1, θ) := (ϕ, ψ + θ, 1, θ)
maps this fibre to the curve m′′. It follows that the disc ∆ = {ϕ = 0, ψ = 0, r ≤ 1} bounded by the fibre
in N and the chain bounded by m′′ in X \N are glued together into a 2-cycle in X ′. The intersection index
of this cycle with K equals #(K ∩∆) = 1 mod 2, and therefore K is homologically non-trivial in X ′. 
Corollary 2.3. dimZ/2H1(X
′;Z/2) = dimZ/2H1(X ;Z/2) + 1.
Proof. Consider the following long exact sequences in cohomology with compact support:
· · · → H2c(X ;Z/2)→ H2c(K;Z/2)→ H3c(X \K;Z/2)→ H3c(X ;Z/2)→ H3c(K;Z/2) ∼= 0
and
· · · → H2c(X ′;Z/2)→ H2c(K;Z/2)→ H3c(X ′ \K;Z/2)→ H3c(X ′;Z/2)→ H3c(K;Z/2) ∼= 0.
The first map in the first sequence is trivial because K is nullhomologous in X . Hence,
dimZ/2H
3
c(X ;Z/2) = dimZ/2H
3
c(X \K;Z/2)− dimZ/2H2c(K;Z/2)
= dimZ/2H
3
c(X \K;Z/2)− 1.
On the other hand, the first map in the second sequence is onto because [K] 6= 0 in X ′, and therefore
dimZ/2H
3
c(X
′;Z/2) = dimZ/2H
3
c(X
′ \K;Z/2).
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Since X \K and X ′ \K are diffeomorphic, we conclude that
dimZ/2H
3
c(X
′;Z/2) = dimZ/2H
3
c(X ;Z/2) + 1,
and the result follows because H1(Y ;Z/2) ∼= H3c(Y ;Z/2) for any four-manifold Y by Poincare´ duality. 
2.3. Symplectic rigidity: Proof of Theorem A. Let now K ⊂ X be a Lagrangian Klein bottle in
a compact symplectic four-manifold (X,ω). Then K is totally real with respect to any almost complex
structure J on X compatible with ω.
Let X ′ be the manifold obtained from X by the Luttinger surgery used in Theorem 2.2. Since K
is Lagrangian, it follows that the Luttinger surgery can be performed symplectically, i. e., there exists a
symplectic form ω′ on X ′ that coincides with ω on X ′ \N = X \ N . This is proved in exactly the same
way as the analogous statement for Lagrangian tori in [11]. A different proof using symplectic Lefschetz
pencils is given in [18].
Note that c1(X,ω) · [ω] = c1(X ′, ω′) · [ω′]. (The proof follows easily from the fact that H2(N ;R) = 0 and
is left to the reader.) Thus, if c1(X,ω) · [ω] > 0, then c1(X ′, ω′) · [ω′] > 0, and hence each of the manifolds
X and X ′ is diffeomorphic to CP2 or to (a blow-up of) a ruled surface by the result of Liu and Ohta–Ono
cited in the introduction. In particular, the Z/2-dimensions of H1(X ;Z/2) and H1(X
′;Z/2) are even.
However, if [K] = 0 ∈ H2(X ;Z/2), then dimZ/2H1(X ′;Z/2) = dimZ/2H1(X ;Z/2) + 1 by Corollary 2.3,
and at least one of these dimensions is odd. This contradiction proves Theorem A. 
Remark 2.4. It is not hard to specialise our proof of Theorem A to yield just the non-existence of
embedded Lagrangian Klein bottles in (R4, ω0). Several steps in the argument are then simplified or
avoided. For instance, Gromov’s original theorem about symplectic four-manifolds symplectomorphic to
(R4, ω0) at infinity may be used instead of the more involved results of Liu and Ohta–Ono.
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